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Abstract. We propose a generalization of the factorization method to the case when C/ is a 
finite dimensional Lie algebra such that G — Go (B M Q) N (direct sum of vector spaces) , where 
Go is a subalgebra in G, M, N are fJo-modules, and Go + M, Go + N are subalgebras in G- In 
particular, we consider the case when C/ is a Z-graded Lie algebra. Using this generalization, 
we construct some top-like systems related to the algebra so(3, 1). According to the general 
scheme, these systems can be reduced to linear systems with variable coefhcients. For the 
top-like systems first integrals and infinitesimal symmetries are found. 
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CN . 1. Introduction 

O ' The classical factorization method |ITl[2l[3lll] (another name is Adler-Konstant-Symes scheme) 
Q ' allows to integrate the ODE system of the following special form: 

Ut = [U^,U], UiO) = Uo. (1) 

Here Ut is a ^-valued function, where ^ is a Lie algebra, which is a direct sum of vector spaces 
and ^_ being subalgebras in Q. By t/+ we denote the projection of U onto Q^. For simplicity 
we assume that Q is embedded into the matrix algebra. 
The solution of problem ([1]) is defined by the formula 

= Mt)UoA'\t). (2) 

^ i The matrix A{t) in ([2]) is defined as a solution of the factorization problem 

^ ; A~^B = exp(-[/ot), AeG+, Be (3) 

^ ! where and G- are the Lie groups of the algebras ^+ and Q^, correspondingly. If ^_ 

\^ [ is an ideal, then the factorization problem can be solved explicitly: A = exp((t/o)-i-0; B = 

^ ■ Aexp{—UQt). In the case when and are algebraic groups, the conditions A G 6*+ and 

I ■ Aexp{—UQt) G G- yield a system of algebraic equations. From this system the matrix A for 

^ ! small t is uniquely defined. 

I It was shown in j3] that the classical factorization problem can be reduced to a system of 

.1^ ' ordinary differential equations with variable coefficients. 
^ ■ Moreover, in ^ the factorization method was generalized to the case 

g = Vi(BV2, (4) 

where Vi, V2 are vector subspaces in and correspondingly. It was shown that if 

[Q+ng^,Vi\cv,, z = i,2, (5) 

then the integration of equation ([T]), where «+» means the projection onto Vi parallel to V2, 
can be also reduced to solving of a system of DDEs with variable coefficients. 

Recall the Golubchik-Sokolov construction. In [4] the authors have considered a factorization 
problem with right logariphmic derivatives of A and B: 

A-^B = Z{t), AtA-'eVi, BtB-'eV2, Z{0) = A{0) = B{0) = E, (6) 

where Vi are vector spaces satifying Let U{t) = A{t)q{t)A^^{t), where q{t) = —ZtZ^^. It 
is easy to see that this function satisfies the following equation: 

Ut = [U+,U]+AqtA-\ (7) 

Notice that if Z{t) = exp{—Uot) then q{t) = Uq, qt = and equation ([7]) coincides with ([T]). 
Thus, any solution of this factorization problem yields a solution of non-linear ODE ([T]). 
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Consider now the following factorization problem: 

a-^(3 = Z{t), a-^at G Vi, P'^/St G V2, Z{0) = a{0) = /3(0) = E. (8) 

Here the both logariphmic derivatives are left. In general, this problem does not related to 
equations of the ([1]) type. But it can be reduced to a linear equation with variable coefficients. 
Namely, in |3] have been introduced the linear mapping L{t) : Vi ^ Vi, defined by 

L{t){v) = {Z-\t)vZ{t)U. 

Since L(0) is the identity mapping, L{t) is invertible for small t. It can be proved that the 
solution a of the linear equation 

at = -aL-\t){{Z-'Zt)+), a{0) = E (9) 

and the function 

P = aZ{t), (10) 

define the unique solution of the factorization problem ([H]). 

The last step of the construction allows us to establish a link between the two factorization 
problems under additional condition (jSj). Namely, let Vi G V2 G Q^, where and ^_ are 
Lie subalgebras of the algebra Q such that ^4- fl ^„ = ^0 7^ {0}. Then the solutions of the 
factorization problems (|6]) and ([8]) satisfy the same factorization problem: 

A-^B = Z{t), AgG+, BeG^, y4(0) = 5(0) = ^, (11) 

where and G_ are the Lie groups of the algebras Qj^ and Q_. Since Qq ^ {0}, the solution of 
problem (ITT]) is not unique. Let a.,j3 be the solution of the factorization problem ([H]). Because 
it also satisfies (fTTj) . all solutions of (ITT]) are given by 

A = Ha, B = Hl3, H{0) = E, (12) 

where H is an arbitrary element of the Lie group Go of the Lie algebra Qq. 

In |1] it was shown that A, B satisfy the factorization problem (|6]) if i7 is the solution of the 
following linear equation: 

= -H{{ata-')^ + (Ar')+), ^^(0) = E. (13) 

Thus we solve equation Q for a, find function /3 from f fTOj) and solving equation f|T3|) . we 
determine the solution A, S of ([6]) from ( !T2|) . Now we can find the solution of equation ([7]) by 
formula 02]). 

In this paper we generalize the factorization method to the case when ^ is a finite dimensional 
Lie algebra such that Q = Qo ® M (B N (direct sum of vector spaces), where Qq is a subalgebra 
in Q, M, are ^o-^iodules, and Qq + M, ^0 + ^ ^-re subalgebras in Q. The graded Lie algebras 
provide an important special class for which our generalisation is applicable. We construct 
some top-like systems related to the algebra so{3, 1). According to the general scheme, these 
systems can be reduced to linear systems with variable coefficients. For the top-like systems 
first integrals and infinitesimal symmetries are found. 

2. General construction 
Suppose we have a decomposition 

g = go®M®N 

of a finite dimensional Lie algebra Q over M into a vector space direct sum of a Lie subalgebra 
Qq and two vector spaces M, N such that 

• M,N are ^o-modules; 

• Qq -\- M, Qo + N are subalgebras in Q. 
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Theorem. Let a linear operator R is defined by the formula 

R{q) = a-iq"^ + aoq° + (14) 
where q = q~^ + q'^ + q^ , q~^ E N, q'^ E Qq, q^ G M, Uq, cti G M. Then the equation 

Qt = [Riq),q], q\t=o = qo, (15) 

can be reduced to a system of linear ODEs with variable coefficients by the Golubchik-Sokolov 
construction (see Introduction). 

Proof. To apply the construction from |3j, we take for Q the direct sum of three copies of the 
algebra Q, i.e. 

g = g®g®g. 

For ^_|_ we take the diagonal subalgebra in Q: 

g+ = {{a,a,a)\ a G g}, 
and for ^_ the following subalgebra: 

g. = {ia,b,c)\a E go + N,b e go + M,c E g}. 

Consider the vector subspace 

M = {{a,b,c)\aEgo + N,bEgo + M,cE N + M}. 

Then condition (jl]) holds for Q and M, i.e. = 0+® M. Obviously, for the subalgebra 0+ 
condition ([5]) is fulfilled. It is easy to verify that for M we have 

[(^+n^_),M] CM. 

Thus it follows from |4j that the equation 

Qt = [q+,q], q\t=o = qo, (16) 

where q E 0, q+ is the projection q onto 0+ parallel to M, can be reduced to a system of linear 
ODEs with variable coefficients. 

To complete the proof it is sufficient to choose q = {aiq, a^q) where q E g. Notice, 
that in this case q+ = {R{q), R{q), R{q)) where the operator R is defined by (fT^ . Now one can 
see that for each component, equation fll6p has the same form qt = [R{q),q]. This coincides 
with (^^. □ 

k -Ik 

Corollary 1. Let g = ^ gi be a Z-graded Lie algebra and N = ® ^j, M = ^^j. Then 

i=—k i=—k i=l 

all conditions of Theorem are fulfilled and the equation 



qt 



i=—k 



(17) 



can be reduced to a system of linear equations with variable coefficients. 

3. Examples 

Corollary gives rise to the following two interesting examples. 
Example 1. Consider the following graduation on g = SI2: 

I 0)}' ^°={(o -I;)}' ^^ = {(0 
The equation (fT7|) can be rewritten as the system 

Wt =—(«! — a^i) Mf, 
= 2ao uvj, 
= 2ao vw. 
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The system possesses expected first integral 

Hi = -Tri^q"^) = uv + 
and, in addition, it has the following transcendental first integral 

Integrable dynamical systems with quadratic right hand sides associated with semi-simple Lie 
algebras have been considered in |5l|6l[7]. The complex isomorphic algebras so(4) and so{3, 1) 
are interesting from a viewpoint of applications. Integrable Hamiltonian systems associated 
with these algebras were studied in [HI [H [10]. We present two new examples related to the 
algebra so{3, 1). Systems from these examples apparently are non-Hamiltonian. Furthermore, 
their first integrals just as in Example 1 are not single valued in the complex plane. However, 
since the systems are linearizable, they should be regarded as integrable in some sense. We 
produce sufficiently many first integrals and infinitesimal symmetries to claim that these systems 
are locally integrable by the theorem of S. Lie. 

Example 2. Let Q = {A G M4X4I A* = —A} where the involution is defined by the formula 
A* = TA^T~^, T = eii + 622 + 634 + 643, the superscript t means the matrix transposition, 
and Cij denote the matrix unities. If we take T = en + 622 + 633 — 644 then the condition of 
skew-symmetricity with respect to the involution defines the algebra so{3, 1). The isomorphism 
between Q and so{3, 1) is given by g = 5"^ q B, where q & Q , q & so{3, 1), and the matrix B 
equals 

en + 622 + ^(^33 + 634 + 643 - 644). 

Define a 3-graduation on the algebra Q. Generic element of the algebra has the form 

/ Wi ui vi \ 

-Wi U2 V2 
-Vi -f2 W2 
\-Ui -U2 -W2) 

It is easily verified that the decomposition of Q into the sum of the following components 

Qo = {101(612 - 621) + 102(633 - 644)} , 

Ql = {lil(6i3 - 641) + ^2(623 - 642)} , 

S-i = {vi{eu - 631) + 1^2(624 - 632)} • 

equips Q with a structure of a 3-graded Lie algebra. 
In this case equation (fT7|) can be written as the system 



Wit 


= (ai - 




{U2V1 - U1V2) 


Ult 


= (ao - 


ai) 


'U2W1 - U1W2) 




= ("0 - 


a-i] 


{V2W1 + V1W2 


W2t 


= (ai - 


a-i] 


{UiVi + U2V2) 


U2t 


= (ai - 


ao) 


[uiWi + U2W2) 


V2t 


= (a-i - 


- ao] 


{ViWi - V2W2 



The system possesses the following quadratic infinitesimal symmetry: 

wx^ = (-ai + a_i) (miVi + ■U2''^2), 

-ui^ = (-ao + Q^i) (miWi + ■U2'U^2), 

Vxr = ("0 - tt-l) {VlWl - V2W2), 

W2r = (-ttl + tt-l) (^1^2 - M2'0l), 

U2r = {ai - ao) {U2W1 - U1W2), 

V2r = {ao- a_i){v2Wi+ViW2). 
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This system has two polynomial first integrals of degree two: 

h = W1W2 + U1V2 - V1U2 

and 

l2 = wl + 2uiVi -wl + 2U2V2. 

The traces of powers of q are polynomials in these two integrals. 

Moreover, the system possesses first integrals of the form / = f{ui,U2,Vi,V2). It is easy to 
check that such integrals should satisfy two equations of the form X{f) = and Y{f) = 0, 
where X, Y are given by: 

d d d d 
X = -(ao - ai)ui- (ao - o:-i)vi- h (ao - ai)M27^ \- ("o - a-i)v2 

dU2 OV2 OUi 



d d d 
y = (ao - oi-i)v2^ (ao - ai)tt2^ h (ao - a-i)^i^ ("o - ai)ui 

OV2 OU2 OVi 



dvi 
d 



dui 



Solving this system of two PDEs, we find it's simplest solutions 

/3 = tg 

a_i—aQ 

h = {ul + ul) °i-°=o (^v'f + V2) sin 



a_i - ao Ul vi 

arctg arctg — 

«! - ao U2 V2 



a_i — ao U2 

arctg — 

ai — ao Ul 



— arctg 



V2 
Vl 



In the next example the algebra Q is not Z-graded. 
Example 3. Let Q be the same algebra as in Example 2. Now we consider 



M 








wi 





\ 




-Wi 















kwi 







\ 








-kwi J 







lW2 


Vl 


\ 




-lW2 





V2 






-Vl 


-V2 W2 







v 








-W2J 




/ 


Ul 


o\ 









U2 







{ 











1 




\-Ui 


-U2 


0^ 





where k and I are parameters such that kl ^ 1. It is easy to check that all conditions of the 
Theorem hold. Equation (IT^ can be rewritten in the form: 



Wit 

Ult 
Vlt 

W2t 

U2t 
V2t 



{-lUiVi + U2V1 - U1V2 - IU2V2), 



ai — a_i 
1 - kl 

(ai — ao) {kui — U2)wi + (ai — a_i)(Mi — Iu2)w2, 

(ao - a_i) {kvi + V2)wi, 
ai — a_i 



1 - kl 



{uiVi - kU2Vi + kUiV2 + U2V2), 



(ai - ao) (mi + ku2)wi + (ai - a_i)(/wi + U2)w2., 
(a_i - ao) {vi - kv2)wi. 



The trace of provides the following first integral: 



Ii = -2uiVi - 2U2V2 + {kwi + W2Y - {wi + IW2) 
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